Our goal in this work is to found the unified recursion formula of polynomials associated to rational generating functions.
Introduction
The notion of ordinary generating function [1] of a family of polynomials in one variable is remembered in the following definition: Definition 1.1. f (x, t) is an ordinary generating function if and only if there exist a sequence P k (x) of polynomials in Z[x] and λ > 0 a positive real number such that f (x, t) = k≥0 P k (x) t k , |t| < λ.
The integers set Z can be replaced by any commutative ring R of characteristic zero. We began by some classical notions from umbral calculus in order to apply them to rational generating functions and associated polynomials. If α = (α n ) n∈N and β = (β n ) n∈N two sequences in the commutative ring R then convolution product α β is the sequence defined by (α β) n := n k=0 α k β n−k .
For n ∈ N the sequence α n is defined recursively as follows: α 0 = δ 0 where δ 0 is the Kronecker delta symbol and α (n+1) = α n α. Furthermore α 1 = α. and (α n ) k = i 1 +···+in=k
Taking the ring R = Z[x] of polynomials over Z. we extend this definition to
and say that the n-convolution product of
of polynomials these are defined by
and usually the convolution product is just for two families of polynomials.
For
which correspond to formula (2), with A 0 = δ 0 .
Let the following two families of polynomials in Z[x]:
such that B 0 (x), · · · , B n (x) are coprime and B 0 (x) = 0. And consider the ra-
where
furthermore by means of the identity (5) we obtain
and any rational function is written under the formula (6) below. Now Taking h(x, t) = − qn l=1
as a function of t is continuous on R then there exist a constant λ > 0 such that |h (x, t) | < 1 for |t| < λ. Furthermore
this result is deduced from the classical identity
It is well known that the multinomial identity is
Without lost generality h k (x, t) is written in means of this identity in the following form
0 (x) must be 1, which means that B 0 (x) = 1. We conclude that the nomenclature of all rational generating functions is the form
Statement of main results
Let f (x, t) the rational function of two variables x and t considered in the expression (8). The closely recursion formula of polynomials generated by f (x, t) is given in the following theorem.
Furthermore P 0 (x) = (A p ) 0 (x) and
If p = q = 1, A 1 = A and then A = B P which means that
Proof. Just taking A 0 (x) = 1 and A k (x) = 0 for k ≥ 1, then m = 0. After substitution in the formula (9) Theorem 2.1 we get a new family of polynomial Q k (x) satisfying the identity (11) Corollary 2.2.
The family P depend only on the family Q, it results from the convolution product of the two families A p = {(A p ) j (x), 0 ≤ j ≤ pm} and Q. Explicit formula is given in the following proposition. Proposition 2.3. The relationship between the two families P and Q in means of convolution product is P = A p Q. Furthermore
Proof.
Finally after comparison between the coefficients of t k in both sides of the equality we get
Since P r δ 0 = δ 0 P r = P r for every family P r of polynomials, then δ 0 is the unit element of the low . The corollary 2.2 states that B q is the inverse of Q. Without lost generality let us denote (B q ) −1 the inverse of B q . But only B q (x)(B q ) −1 (x) is different from 1. In means of this proposition we conclude that
The convolution product as a law of composition is commutative and associative. Joining the two identities A p = B q P and P = A p Q we get 
Proof of Theorem 2.1
First we must remember the Cauchy product of a polynomial
which is an entire series too, for more details about the procedure we refer to [2] . Now writing
After identification we obtain
and the recursion formula (9) in Theorem 2.1 follows.
Without lost generality, the identity (9) Theorem 2.1 can be adapted to polynomials of r variables in the following way
Using the same techniques as for one variable, one deduce that f (x 1 , · · · , x r , t) is a generating function if and only if B 0 (x 1 , · · · , x r ) = 1. In this case
and the corresponding recursion formula is
(13) In the following table, we exhibit the general recursion formula (9) Theorem 2.1 for a few families of polynomials generated by rational functions. In means of this partition the expression of the convolution polynomial B q is stated in the following lemma.
Lemma 3.1.
Proof. From the definition of B(x, y, t) the sequence of polynomials B is (1, B 1 (x, y) , 0, · · · , 0, B l (x, y)) . Then for 0 ≤ k ≤ lq;
, but if i j is different of 0, 1 and l only B i j (x, y) = 0. Thus
and the result (14) follows. 
Proof. Let f (x, y, t) =
A(x,y,t) B q (x,y,t)
then from the identity (10) Theorem 2.1 and expression (14) Lemma 3.1 we deduce that P 0 (x) = 1 and for i ≥ 1 In means of this identity we deduce that P 
